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When Sophus Lie had introduced the algebras known now as Lie
Žalgebras he considered them as algebras of transformations or, in the
.modern terminology, Lie algebras of vector fields . But in the subsequent
years Lie algebras were considered mostly in an abstract way. Even local
Žhomogeneous spaces which are transitive Lie algebras of transformations
. Ž .by definition are considered in general as pairs G, H , where G is the
Lie algebra of the homogeneous space and H is the stationary subalgebra.
Although such considerations have many advantages, it is very desirable,
and for some questions necessary, to have a concrete knowledge of the
Ž .representation of the Lie algebra G of a homogeneous space G, H as a
Lie algebra of transformations. In this paper we show that such a repre-
Ž Ž ..sentation can be given by an explicit formula see below formula 0.3 for
a general homogeneous space.
For the case H 0, i.e., when the homogeneous space is a Lie group,
acting on itself by left translations, such a formula is well known. It is the
formula for the right invariant vector fields on a Lie group
ad x ead x
a a a, xG , 0.1Ž .ad xe  1
  Ž .where b ad x b, x . The formula 0.1 associates with every element
aG a vector field on the corresponding Lie group written in canonical
  Ž .coordinates xG. See, for example, 2, 11 , where the formula 0.1 is
obtained as the differential of the canonical mapping.
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There are no canonical coordinates on a general homogeneous space
Ž .G, H . Let us fix a subspace E in the Lie algebra G supplementary to the
stationary subalgebra H; i.e., GH E. Such a subspace uniquely
determines coordinates on the homogeneous space defined by one-para-
metric subgroups with initial vectors in E. These coordinates we also will
call canonical coordinates, corresponding to the subspace E. It appears
that the formula for the vector fields on the homogeneous space in these
Ž .coordinates has ‘‘almost’’ the same structure as the formula 0.1 , depend-
ing naturally on subspace E.
 In 4 we found such a generalization for a special class of homogeneous
spaces with the condition that E is a subalgebra. This formula is
ad x
ad xa a e aG , x E, 0.2Ž . Ž .E ad xe  1
where b denotes the projection of the vector b on the subspace E alongE
  Ž .H. The proof in 4 is based on formula 0.1 and is valid even for infinite
dimensional Lie algebras.
The goal of this article is to present and to prove the following formula
Žfor the general case of an arbitrary decomposition GH E without
.any restrictions on the supplementary subspace E :
1ad xe  1
ad xa a e aG , x E. 0.3Ž . Ž .E ž /ž /ad x E
Although the main goal was to prove the formula for the homogeneous
space, the proof is valid for infinite dimensional Lie algebra G, if the
Ž .right-hand side in 0.3 is understood as a formal power series. We note
also that the proof raises the question about a generalization of the
CampbellHausdorf formula for the homogeneous space. In fact, in the
proof we calculate the linear term in such a possible formula.
The author is grateful to the referee who pointed out that the proof
could be shorter in the case of finite dimensional G, if one considers the
differential of the action of the corresponding Lie group in these coordi-
Ž .nates. Such a geometric way to prove the formula 0.3 was also proposed
by A. Meurmann after the author’s talk at Lund University.
1. THE STATEMENT OF THE PROBLEM
To formulate the main theorem we will present the Lie algebra of linear
differential operators in n variables in an invariant form. Let U be an
Ž .n-dimensional linear space. Consider the space R U of the formal series
a	 A x 	 A x , x 	 	A x , x , . . . , x 	  , 1.1Ž . Ž . Ž . Ž .1 2 k
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Ž . Ž .where aU, A x is a linear operator in U with values in U, A x, x is1 2
a bilinear symmetric operator in U with values in U, and in general
Ž .A x, x, . . . , x is a k-linear symmetric operator in U with values in U.k
Ž .First we define the commutator on R U for the homogeneous elements
Ž . Ž . Ž .of R U . Let A  A x, . . . , x and B  B x, . . . , x be symmetric oper-k k l l
ators of order k and l, respectively, and a, bU. Then
     A , B  kA B  lB  A , A , a  kA a, a, b  0,k l k l l k k k
1.2Ž .
where
A B x , . . . , x  A B x , . . . , x , x , . . . , x ,Ž . Ž . Ž .Ž .k l k l
1.3Ž .
A a x , . . . , x  A a, x , . . . , x , a A  0.Ž . Ž . Ž .k k k
Ž .The commutator of two arbitrary series of the form 1.1 is obtained from
Ž .1.2 by the distributive property.
Ž . Ž .The space R U with commutator 1.2 is isomorphic to the Lie algebra
of linear differential operators which consists of elements
n 
if f ,Ý i xi1
i iŽ 1 n.where f  f x , . . . , x are formal power series in the variables
x1, . . . , x n. We recall that the Lie bracket of two elements f , g is given by
n i   f , g  f , g ,Ý i xi1
where
n i i f  gi   f , g  g  f .Ý  ž / x  x1
Let x1, x 2, . . . , x n be the coordinates of a vector xU in a basis
Ž .e , e , . . . , e . Then an arbitrary operator A x, . . . , x of order k can be1 2 n k
represented as
n
A x , . . . , x  f e ,Ž . Ýk 
1
where f  are homogeneous polynomials of degree k in x1, x 2, . . . , x n. The
Ž .isomorphism of the Lie algebra R U and the Lie algebra of differential
operators is given by the correspondence
n n 
 f e  f .Ý Ý  x1 1
Ž   .See, for example 57 .
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Ž . Ž .We shall call the stationary subalgebra R U the subalgebra of R U ,0
Ž .which consists of all series 1.1 with a 0.
DEFINITION 1. Let G be a Lie algebra and let H be its subalgebra of
Žfinite codimension which does not contain ideals of the algebra G in
Ž . Ž .particular, when G is finite dimensional, the pair G, H is a local
. Ž .homogeneous space . An isomorphic embedding  : G R GH is called
a representation of the Lie algebra G as a Lie algebra of ector fields on GH
or in the case when G is finite dimensional, a representation of the Lie
Ž .algebra G of the homogeneous space G, H as a Lie algebra of ector fields,
Ž . Ž .if  g  R GH if and only if gH.0
In what follows we denote by b the projection of the vector b on theE
subspace E along H. All linear operators act from the right, in particular,
  Ž .b ad x b, x . Let bF x be a linear operator acting on the vector bG
Ž . Ž Ž ..depending in some way on another vector x . We will denote by F x E
Ž Ž .. ŽŽ Ž .. .1the linear operator acting by b bF x . We denote also by F xE E
Ž Ž ..the inverse of the restriction of F x to the subspace E.E
Ž .MAIN THEOREM. Let G, H be a local homogeneous space and let E be
a supplementary subspace to the subalgebra H : GH E. Then the map-
Ž .ping of the Lie algebra G into the Lie algebra R E ,
1ad xe  1
ad xa aF x  ae aG , x E, 1.4Ž . Ž . Ž .E ž /ž /ad x E
Ž .gies a representation of the Lie algebra G of the homogeneous space G, H
as a Lie algebra of ector fields. Moreoer, the series in the right-hand side of
Ž .1.4 is conergent.
The assertion of the theorem is also alid for the infinite dimensional Lie
Ž .algebra G, if one understands the series in the right-hand side of 1.4 as a
formal power series.
Ž . Ž .Remark 1. It follows from the formula 1.4 that the vector field aF x
can be written in terms of the adjoint representation ad and the projection
Ž .on E. Several first terms of the series 1.4 are
1 1 1       aF x  a 	 a, x  a , x 	 a, x , x  a, x , xŽ . Ž . E E EE2 2 2EE E
1 1   	 a , x , x  a , x , x 	  . 1.5Ž .E E4 6E EE
Let us denote by a the coefficient of the termk k    k0 1 n
Ž ŽŽ Ž .k 0. Ž .k1. Ž .k n. Ž . a ad x ad x  ad x in the series 1.4 .E E E
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PROPOSITION 1. The coefficients a are equal tok k    k0 1 n
1n
a  1 , 1.6Ž . Ž .k k    k0 1 n k ! k 	 1 !  k 	 1 !Ž . Ž .0 1 n
Ž .and the series 1.4 can be written as

n
aF x  1Ž . Ž .Ý Ý
p0 pk 	k 	 	k0 1 n
k0 i0i
k k k0 1 n a ad x ad x  ad xŽ . Ž . Ž .Ž .ž /ž /E E E . 1.7Ž .
k ! k 	 1 !  k 	 1 !Ž . Ž .0 1 n
ŽŽŽ ad x . . .1 ŽProof of Proposition 1. Let us present e  1 ad x as 1 	E E
.1  Ž .n nt Ý 1 t , wheren0
k ad xŽ .
t .Ý ž /k	 1 !Ž .k1 E
Then
1ad xe  1ž /ž /ad x E
k k k1 2 n ad x ad x  ad xŽ . Ž . Ž .Ž . Ž . Ž .n E E E 1 .Ž .Ý Ý k 	 1 ! k 	 1 !  k 	 1 !Ž . Ž . Ž .1 2 ns0 sk 	 	k1 n
k0i
1.8Ž .
Ž ad x.  Ž Ž .k .By multiplying the equality ae Ý a ad x k! from the rightE k0 E
Ž . Ž .on the equality 1.8 one obtains 1.7 . The proposition is proved.
2. PROOF OF THE MAIN THEOREM
The first part of the proof follows the same basic pattern as the standard
Ž  .proof of the CampbellHausdorff formula see for example 1, 2 , but in a
more general situation. Instead of a free associative algebra generated by a
set X, we consider a larger linear space F spanned by the ‘‘words’’ freely
Ž .generated by the set X together with some projector acting on anE
arbitrary element f F. For example, ‘‘words’’ of small length are
a, a , ax , a x , ax , a x , ax , a x , ax , a x , . . . . 2.1Ž . Ž . Ž . Ž . Ž .EE E E E E E E E EE E E
Ž . ŽŽ . . Ž .‘‘The operation is a projector’’ means that f  f .E E E E
LIE ALGEBRAS OF VECTOR FIELDS 771
In fact, one can consider the linear space F also as a free associative
algebra, but with a larger set of generators including not only X, but also
Ž .all elements which have appeared after the action of the projector .E
We shall call the free Lie subspace in F the subspace F L , which is
spanned by the elements freely generated by X under the operations of
Ž .commutation and . Elements of F L are called Lie elements.E
We will not discuss this generalization in detail. What we need for the
proof is a generalization of the DynkinSpehtVever theorem to our case
Ž .see Lemmas 2 and 2 below . Let us give some definitions.
Let f F be a monomial. We shall call the degree of f the number
deg f which is equal to the length of the ‘‘word’’ f , if one counts only the
Ž Ž . .letters from X and ignores the operation .E
Denote by F a linear subspace spanned by all elements f F, suchn
ˆthat deg f n. We will consider a linear space F consisting of the formal
series
g g 	 g 	 	g 	  , 2.2Ž .1 2 k
where g  F .k k
Let a monomial f be presented as an associative product
f f f f  f . 2.3Ž .1 2 3 k
Ž .We shall call 2.3 a canonical form of f , if k is maximal.
ˆWe define also two operations 	 and 
 on F by the following formulas.
Ž .Let f be a monomial and let 2.3 be its canonical form. Then
f	 deg f f , 2.4Ž . Ž .
 f
 f f f  f 
  f , f , f , . . . , f . 2.5Ž . Ž .1 2 3 k 1 2 3 k
ˆThe transformations 	 and 
 are extended to the whole F by the
distributive property.
LEMMA 1. Let
  f , f , f , . . . , f    f f f  f 2.6Ž .1 2 3 k j  Ž1.  Ž2.  Ž3.  Žk .j j j j
be an associatie expression for a commutator of order k, where  are somej
permutations of k indices. Then the following equality holds for an arbitrary
element b:
 b ,  f , f f , . . . , f1 2 3 k
    b , f f , f , . . . , f . 2.7Ž .j  Ž1.  Ž2.  Ž3.  Žk .j j j j
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Ž A proof can be obtained by induction on k see, for example, 8, Lemma
.1 .
LEMMA 2. Let f , f , . . . , f  F. Let1 2 k
 f f f  f ,Ý  Ž1.  Ž2.  Ž3.  Žk .j j j j
j
where  are some permutations of indices 1, 2, . . . , k, be an associatiej
expression of a Lie element. Then
  f f f  f 	Ž .j  Ž1.  Ž2.  Ž3.  Žk .j j j j
   f 	 f f  f 
Ž .ž /j  Ž1.  Ž2.  Ž3.  Žk .j j j j
    f 	 , f , f , . . . , f . 2.8Ž .Ž .j  Ž1.  Ž2.  Ž3.  Žk .j j j j
Proof. It is sufficient to prove the lemma for the associative expres-
Ž .sions of the form 2.6 . Also it is sufficient to consider only homogeneous
elements f . Thus Lemma 2 will be proved if we prove the followingi
Lemma 2, which we formulate in a more general form.
LEMMA 2. Let AÝ A be a graded associatie algebra. Set deg fi0 i
 k, if f A . Let alsok
  f , f , f , . . . , f    f f f  f 2.9Ž .1 2 3 k j  Ž1.  Ž2.  Ž3.  Žk .j j j j
be an associatie expression for a commutator of order k, where  are somej
permutations of k indices, and deg f  d . Then the following identity holds:i i
 d 	 d 	 	d  f , f f , . . . , fŽ .1 2 k 1 2 3 k
   d  f , f , f , . . . , f . 2.10Ž .j  Ž1.  Ž1.  Ž2.  Ž3.  Žk .j j j j j
Remark 2. Lemma 2 is a generalization of the DynkinSpehtVever
theorem which deals with the case in which d  1 for every i.i
Remark 3. More generally the lemma is true for a graded associative
algebra AÝ A . i
Ž .Proof of Lemma 2. We will prove 2.10 by induction on k. For k 2
the assertion is true:
     d 	 d f , f  d f , f  d f , f . 2.11Ž . Ž .1 2 1 2 1 1 2 2 2 1
Let
  f , f f , . . . , f    f f f  f 2.12Ž .1 2 3 k1 j  Ž1.  Ž2.  Ž3.  Žk1.j j j j
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be the associative expression for the commutator of order k 1. Suppose
Ž .that equality 2.10 is true for k 1:
 d 	 d 	 	d  f , f f , . . . , fŽ .1 2 k1 1 2 3 k1
   d  f , f , f , . . . , f . 2.13Ž .j  Ž1.  Ž1.  Ž2.  Ž3.  Žk1.j j j j j
Then the associative expression for a commutator of order k is
  f , f f , . . . , f , f    f f f  f fŽ .1 2 3 k1 k j  Ž1.  Ž2.  Ž3.  Žk1. kj j j j
 f   f f f  f .Ž .k j  Ž1.  Ž2.  Ž3.  Žk1.j j j j
2.14Ž .
Ž . Ž . Ž . Ž .If one compares 2.9 and 2.14 and subtracts 2.13 from 2.10 , then one
Ž .can easily see that to prove 2.10 , it suffices to prove
 d  f , f f , . . . , f , fk 1 2 3 k1 k
d    f , f , f , f , . . . , f . 2.15Ž .k j k  Ž1.  Ž2.  Ž3.  Žk1.j j j j
Ž .The last equality immediately follows from Lemma 1 and formula 2.12 .
Thus Lemmas 2 and 2 are proved.
Ž . Ž Ž ..LEMMA 3. Let aF x and af ad x be two elements of F depending onE
two arguments a and x such that they depend linearly on a. Then the identities
hold
af ad x 	 af 	 ad x , 2.16Ž . Ž . Ž .Ž . Ž .Ž .E E
	 	aF x f ad x 	 aF x f ad x 	 aF x f ad xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .E EE
 aF x f ad x , 2.17Ž . Ž . Ž .Ž . E
af ad x F x 	 af 	 ad x F x 	 af ad x F 	 xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .E E E
 af ad x F x 	 , 2.18Ž . Ž . Ž .Ž . E
	 Ž . Ž .where F x means that eery homogeneous component of F x of degree k
Ž . 	 Ž . Ž Ž . .with respect to x is multiplied by k	 1, in particular, f x  f x x .
Proof. It suffices to prove the lemma for the homogeneous elements.
Ž n.	 Ž . nWe have that x  n	 1 x , which proves the first formula:
	n n n
a ad x  n	 1 a ad x  a ad x 	 . 2.19Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .ž / E EE
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Ž .Suppose that aF x is a homogeneous element of order m	 1. Then
	n n n	aF x ad x 	 aF x ad x  aF x ad xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .ž /E EE
n n m	 n	 1 aF x ad x  aF x ad x 	 , 2.20Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .E E
which proves the second formula. The proof of the third one is similar.
The lemma is proved.
Ž .Now we start directly the proof of the formula 1.4 . We will consider a
homogeneous space M GH, where G is a Lie group with the Lie
algebra G, and H is a subgroup of G with the subalgebra H. The space M
is the set of right cosets of G with respect to the subgroup H, and the
group G acts on M by left translations. We will also consider both the
exponential coordinates on the group G and exponential coordinates on
the homogeneous space M, where the exponential coordinates on M are
defined by the elements of E. Then the action of G on M in these
coordinates is expressed by a function
 a, x  E  x E, aG ,Ž .
which satisfies the equation
eae x e Ža , x .eh  x E aG , 2.21Ž .
where hH depends on a and x. It follows from the general theory of
ŽLie groups that to find the infinitesimal transformations or the represen-
.tation of G as a Lie algebra of vector fields , one has to find a component
Ž . Ž .of the function  a, x , which is linear in a. We rewrite 2.21 as
e Ža , x .eae x eh  x E aG , 2.22Ž .
or
log e Ža , x .eae x H  x E aG. 2.23Ž . Ž .
Ž .We note that Eq. 2.23 remains valid in the case of an infinite dimen-
sional Lie algebra G as well. We do not suppose below that Lie algebra G
is finite dimensional.
Ž . Ž .Denote by  a, x a component of the function  a, x , which is linear
in a; that is,
 a, x  x	  a, x mod a2 .Ž . Ž . Ž .
Ž .Now Eq. 2.23 can be rewritten as
log ex Ža , x . 1	 a e x H  x E aG mod a2 . 2.24Ž . Ž . Ž .Ž .
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Let
t ex Ža , x . 1	 a e x 1. 2.25Ž . Ž .
Ž .Then the left-hand side of 2.24 can be written as
log ex Ža , x . 1	 a e x  log 1	 t  t mod a2 , 2.26Ž . Ž . Ž . Ž .Ž .
Ž .and the whole equation 2.24 can be rewritten as
1
x xe ae 	  a, x 	  a, x x	 x a, xŽ . Ž . Ž .Ž .½ž 2!
1
2 2  a, x x 	 x a, x x	 x  a, x 	 Ž . Ž . Ž .Ž .
3!
1n n n1	 1  a, x x 	 x a, x xŽ . Ž . Ž .Ž
n	 1 !Ž .
	x 2 a, x x n2 	  	  e x  0. 2.27Ž . Ž .. 5 /
E
ˆŽ .We will consider Eq. 2.27 as an equation in F. The left-hand side of
Ž .this equation is a Lie element according to 2.23 . Let us act on the
left-hand side by the transformation 	 and apply Lemmas 2 and 3. Then
we obtain
ead x 1
ad x ad x ad x ae  x , a e 	  a, x 	 eŽ . Ž .Ž .Ž .E E ž /ad x E
ead x 1	 ad x
ad x	 x ,  a, x e  0, 2.28Ž . Ž .2ž /ad xŽ . E
or
ead x 1 ead x 1
ad x ad xae 	 a ad x e   	 	 Ž . Ž . Ž .E E ž / ž /ad x ad xE E
  ead x  0, 2.29Ž .Ž . E
Ž .where   a, x .
Ž .LEMMA 4. Equation 2.29 has at most one solution.
Ž .Proof. Equation 2.29 is a linear equation in . Hence it suffices to
prove that the corresponding homogeneous equation has only zero solu-
tion. The homogeneous equation is
ead x 1 ead x 1
ad x 	   	  e  0. 2.30Ž . Ž .Ž . Ež / ž /ad x ad xE E
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Let us present  in the form
  	  	  	 	 	  ,0 1 2 i
where  is the component of  of degree i with respect to x.i
Ž .Then the component of Eq. 2.30 of degree i with respect to x is of the
form
i	 1  	 F  ,  ,  , . . . ,   0  i
 0, 2.31Ž . Ž . Ž .i i 0 1 2 i1
where F is a linear function with respect to  ,  ,  , . . . ,  .i 0 1 2 i1
Ž .It follows consecutively from 2.31 that   0  i 0, 1, . . . The lemmai
is proved.
Ž . Ž ad x. ŽŽŽ ad xNow we will show that the expression aF x  a e e E
. . .1 Ž . Ž Ž ..1 ad x is a solution of Eq. 2.29 . First of all we will find aF x 	 .E
ŽŽŽŽ ad x . . .1 .	We need to describe the linear transformation e  1 ad x .E
Consider the identity
1ad x ad xe  1 e  1
b  b. 2.32Ž .ž / ž /ž /ad x ad xE E
Let us act by 	 on both sides of this identity and apply Lemma 3. Then
we obtain that
	1ad x ad xe  1 e  1
b ž / ž /ž /ž /ad x ad xE E
	1ad x ad xe  1 e  1
	 b  b b. 2.33Ž .ž / ž /ž / ž /ad x ad xE E
This formula implies
	1 1ad x ad xe  1 e  1
b  2bž / ž /ž / ž /ž /ad x ad xE E
1 1ad x ad xe  1 e  1
ad x b e , 2.34Ž . Ž .Ež / ž /ž / ž /ad x ad xE E
because
	ad xe  1
ad xb  b e . 2.35Ž . Ž .Ež /ž /ad x
E
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Ž .It follows from Lemma 3 and formula 2.34 that
1ad xe  1
ad xaF x 	 ae 	Ž . Ž .Ž . E ž /ž /ž /ad x E
1ad xe  1	ad x a eŽ .Ž . E ž /ž /ad x E
	1ad xe  1
ad x	 a e  aF xŽ . Ž .E ž /ž /ž /ad x E
1ad xe  1
ad x a ad xe 	2 aF x aF x F x .Ž . Ž . Ž . Ž .E ž /ž /ad x E
2.36Ž .
Now we substitute
1ad xe  1
ad x aF x  ae 2.37Ž . Ž . Ž .E ž /ž /ad x E
Ž . Ž Ž .. Ž .and the expression 2.36 for aF x 	 in Eq. 2.29 . We obtain
aead x 	 a ad xead x  a ad xead x  2 aead xŽ . Ž . Ž . Ž .E E E E
	 aF x ead x 	 aead x  aF x ead x  0. 2.38Ž . Ž . Ž . Ž .Ž . Ž .EE E
Ž . Ž .Thus the series 1.4 is the solution of Eq. 2.29 .
It only remains to show that in the case when G is finite dimensional
Ž . Ž ad x. ŽŽ ad x . .the series 1.4 is convergent. The series e and e  1 ad xE E
are convergent, because the corresponding majorizing series ead x and
Ž ad x .e  1 ad x are convergent. The limit of the second series is a
nondegenerate linear transformation of the space E. Thus the series for
ŽŽŽ ad x . . .1the inverse operator e  1 ad x is convergent. Hence theE
Ž .series 1.4 , considered as a product of two convergent series, is also
convergent. The theorem is proved.
3. SOME APPLICATIONS
Ž . Ž .The formula 1.4 becomes simpler, if a homogeneous space G, H , or a
subspace E, has some additional suitable properties. For example, if E is a
Ž . Ž .subalgebra, then formula 1.4 becomes 0.2 . We will consider several such
cases.
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3.1. Graded Lie Algebras
Let G be a graded Lie algebra
GU  U U U  U . 3.1Ž .k 1 0 1 l
Every graded Lie algebra naturally defines a homogeneous space with the
stationary subalgebra H:
HU U  U . 3.2Ž .0 1 l
Such homogeneous spaces are called R-spaces.
It is also natural to take as a supplementary subspace the subalgebra
EU  U U . 3.3Ž .k 2 1
Ž .Applying in this case the formula 0.2 we obtain the following:
Ž .PROPOSITION 2. Let G be a graded Lie algebra 3.1 and let H be its
Ž .stationary subalgebra 3.2 . Then there is a representation of the homogeneous
Ž .R-space G, H as a Lie algebra of polynomial ector fields.
Ž . Ž .This representation is gien by formula 0.2 , where E is the subalgebra 3.3 .
For the proof one has only to note that the largest commutator
     Ž . a, x , x , . . . , x in the formula 0.2 has length k	 l, when aUl
and xU .k
Ž .EXAMPLE 1 graded Lie algebras of depth 1 . In the case k l 1,
i.e., when
GU U U , 3.4Ž .1 0 1
the representation is very simple:
aU : a a,1
 aU : a a, x ,0 3.5Ž .
1  aU : a a, x , x .1 2
Ž .EXAMPLE 2 graded Lie algebras of depth 2 . We will also write
formulas for the case k l 2; i.e.,
GU U U U U . 3.6Ž .2 1 0 1 2
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In this case the corresponding representation is
aU : a a,2
1  aU : a a	 a, x ,1 12
   aU : a a, x 	 a, x ,0 1 2
1 1     aU : a a, x 	 a, x , x 	 a, x , x1 2 1 2 1 12 2
1   a, x , x , x ,1 1 16
1 1     aU : a a, x , x 	 a, x , x 	 a, x , x , x2 1 2 2 2 1 1 12 6
1   a, x , x , x , x . 3.7Ž .1 1 1 124
   Ž .Remark 4. Any quadratic operator a, x , x in the formula 3.5 with
aU defines a structure of a Jordan algebra on the space U . This1 1
gives a natural way to connect Jordan algebras and Lie algebras of the
Ž . Ž  .form 3.4 see 5, 6 . The same construction was given in a more abstract
 way in 9, 10 .
  By the same reason as in Example 1, quadratic operators a, x , x in2 2
Ž .the formula 3.7 , with aU , define a structure of a Jordan algebra on2
the space U .2
   Ž .Quadratic operators a, x , x with aU in the formula 3.7 also1 1 1
define on the space U a structure of an algebra, which is a conservative1
Ž  .algebra under some additional conditions see 8 .
3.2. Reductie Homogeneous Spaces
Ž .Recall that a homogeneous space G, H is called reductie, if there
exists a supplementary to H subspace E : GH E, such that
 H , E  E. 3.8Ž .
The bilinear and trilinear operators
   T x , y  x , y , K x , y , z  x , y , z 3.9Ž . Ž . Ž .E H
are called, respectively, the torsion tensor and the curature tensor of the
reductive space.
To formulate the next proposition, let us introduce the following nota-
tion. Let  and  be two noncommutative variables with deg  1,
Ž .ndeg  2. We will denote by 	  the sum of all possible ‘‘words’’
of degree n. For example,
   1 2 2	    , 	    	  ,Ž . Ž .
 3 3	    	 	  .Ž .
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Ž .  pLet f x Ý a x be a function in one variable. By definitioinpl0 p

 pf 	   a 	  . 3.10Ž . Ž . Ž .Ý p
p0
It will be convenient to use the notations
aT x  T a, x , aK x , x  K a, x , x , 3.11Ž . Ž . Ž . Ž . Ž .
Ž . Ž .where T x and K x, x are linear operators acting on vector a.
Ž .PROPOSITION 3. Let G, H be a reductie homogeneous space. Set
Ž . Ž .deg T x  1, deg K x, x  2. Then the following formulas gie a represen-
atation of the Lie algebra G as a Lie algebra of ector fields,
 a a, x aH , x E,
1T Ž x .	K Ž x .a ae B T x 	 K x , x 3.12Ž . Ž . Ž . Ž .Ž .Ž .
a E, x E,
Ž . Ž ad x .where B x  e  1 ad x.
Proof. Let aH. Then
ead x 1
ad x ad xae  a e  1  a ad x ,Ž . Ž . Ž .Ž .E E ž /ad x E
Ž .because a ad x  E, if aH and x E.
Ž .According to the formula 1.4 we obtain
1ad xe  1
ad xaeŽ . E ž /ž /ad x E
1ad x ad xe  1 e  1
  a ad x  a ad x a, x ,Ž . ž / ž /ž /ad x ad xE E
3.13Ž .
Ž .which proves the first formula in 3.12 .
For the proof of the second one we will show by induction that
n  na ad x  a T x 	 K x , x . 3.14Ž . Ž . Ž . Ž .Ž .Ž . E
Indeed, by definition
 1 a, x  aT x  a T x 	 K x ,Ž . Ž . Ž .Ž .E
     a, x , x  a, x , x 	 a, x , xŽ . Ž .E HE E E 3.15Ž .
 2 2 a T x 	 K x , x  a T x 	 K x , x .Ž . Ž . Ž . Ž .Ž . Ž .Ž .
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Ž .Now, suppose that 3.14 is true for n 2 and n 1. Then
n n1 n1   a ad x  a, x ad x 	 a, x ad xŽ . Ž . Ž .Ž . Ž . Ž .E HE E E
n1 n2    a, x ad x 	 a, x , x ad xŽ . Ž .Ž . ž /E H EE E
 n1 aT x T x 	 K x , xŽ . Ž . Ž .Ž . Ž .
 n2	 aK x , x T x 	 K x , xŽ . Ž . Ž .Ž . Ž .
 n a T x 	 K x , x . 3.16Ž . Ž . Ž .Ž .
Ž .To prove the second equality in 3.16 we used that for reductive spaces
one has
   a, x , x  a, x , x  x E.H H E
The proposition is proved.
3.3. Symmetric Homogeneous Spaces
It is a special case of the reductive homogeneous spaces when the
Ž .torsion is equal to zero. Recall that a homogeneous space G, H is called
Ž .affine symmetric, if there exists a supplementary to H subspace E : G
H E, such that
   H , E  E, E, E H . 3.17Ž .
The trilinear operator
 K x , y , z  x , y , z  x , y , z E, 3.18Ž . Ž .
is called the curature tensor of the symmetric space. We also define a
Ž .linear operator K x, x acting on a by
aK x , x  K a, x , x . 3.19Ž . Ž . Ž .
Ž .PROPOSITION 4. Let G, H be a symmetric homogeneous space. Then
the following formulas gie a representation of the Lie algebra G as a Lie
algebra of ector fields:
 a a, x aH , x E,
3.20Ž .
 a a, x cth ad x a E, x E.Ž .
Remark 5. Using the curvature tensor one can rewrite the second
Ž .formula in 3.20 as
a a x cth  x , 3.21Ž . Ž . Ž .Ž .
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Ž . Ž .' 'where  x  K x , x . Although the linear operator  x  K x , xŽ . Ž .
Ž .is not always well define, the formula 3.21 has sense in all cases, because
the function x cth x is even.
Proof. Proposition 4 is a special case of Proposition 3. But we will give
.an independent proof for the second formula 3.20 . To find the expression
1ad xe  1
ad xae 3.22Ž . Ž .E ž /ž /ad x E
Ž .in the case where a E, observe that according to 3.17
ˆaf ad x  af ad x a, x E, 3.23Ž . Ž . Ž .Ž . E
ˆwhere f is the even part of f.
Ž . Ž .Applying now 3.23 to 3.22 , we obtain
1ad x ad x ad x ad xe 	 e e  1 e  1
a 	ž / ž /2 2 ad x 2 ad x
ad x
 a ch ad x  a ad x cth ad x .Ž . Ž . Ž .ž /sh ad xŽ .
The proposition is proved.
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